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An upper bound for the number of matroids is obtained. This upper bound 
complements the lower bound obtained by Piff and Welsh in [l]. 
A matroid M on the finite set S is a collection of subsets of S3 called 
independent sets, such that: 
(i) ia E M, 
(ii) A EMandBCA G= BEM, 
(iii) XEM, YEM and / Yj > [Xi => 3y~ Y- X such that 
%U(Y}EM. 
Subsets of S which are not independent are called dependent. The 
minimal d.ependent subsets of S are called circuits of A&, and the maximal 
independent subsets of S are called bases of M. Whitney showed in his 
original paper [2] that a matroid is completely determined by specifying 
its circuits, and also that all bases have the same cardinalityy, called the 
rank of M. For any X C S the rank r(X) of X is defined to be the maximum 
cardinality of independent subsets of X. The closure S of X is the set 
x = {s Es: r(X u {s}) = r(X)). 
The set X is closed if X = 8. 
Let M and N be matroids on S. We say that and N are isomorp 
if we can find a permutation 7~ of S such that X S is independent in 
if and only if T(X) is independent in N. We are interested here in estimating 
the number of non-isomorphic matroids on a fixed set S. In [I] it was 
shown that this number was at least 
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where IZ = 1 S I. Apart from the trivial upper bound 
probably the easiest way to obtain an upper bound is to use the fact that 
a matroid is determined by its bases. Summing over all possible ranks, we 
obtain a crude upper bound of 
for the number of dzj%rent matroids on S, and hence for the number of 
non-isomorphic matroids. Suppose n is even, say n = 2p. We show by 
induction that 
@ 
( 1 p < 22p/(2(p + 1))“” 
for all p > 2. For p = 2 we have 
0 
4 6 
2 = , 
24/61J2 > 6. 
Suppose the result is true for p = k. Then we easily verify that 
However, for all k we have 
Hence 
and so 
1)2(k + 2) = (4k2 + 4k + l)(k + 2) 
= 4k3 + 12k2 Jr 9k $2 
< 4k3 + 12k2 + 12k + 4 
= 4(k + 1)3. 
2(k + 1) 
2(i&?’ < 4 ( 2(k + 2) ) 
1/Z 
’ 
( 
2(k + 1) 22” 2(k + 1) 1/Z 
kfl 1 < (2(k + l))‘/” . 4 ( 2(k + 2) 1 
= 22(k+1’/(2(k + 2))l/“, 
and the result follows by induction for p > 2. 
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For n odd and y1 > 3 we have 
Hence for n odd or even we have 
and we obtain an upper bound of 
23,&&-liz 
for n sufficiently large. 
We shall show that a consideration of the closed subsets of a matroi 
gives a better upper bound. 
THEOREM. The number f (n) of non-isomorphic matroids on an n-elemer?t 
set S satisfies 
f(n) < 72=nn-1 
for some fixed k and for 2 < n < co. 
We require two lemmas: 
LEMMA 1. If n and Y are integers and n 3 r >, 1, then 
Proof. Using Stirling’s Theorem with r b 1 we have 
n 
O- 
f.p) nr -- 
r r! <- rye+ 
and the result follows. (Alternatively, prove by induction.) 
LEMMA 2. Let M be a matroid of rank r on the n-element set 3, Put 
Ki = (c: C is a circuit of M, j C / = i + 11 
for 0 < i < r. Then M is determined uniquely by the family 
K = (Kg: 0 ,( i < r). 
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Proof. Put 
A={X_CS:IXI =i+l,xcCEKi} 
and let B be the collection of minimal elements of A ordered by set 
inclusion. If C, is a circuit of M and 1 C, 1 = i + 1, then C, E A and, 
since every element of A is necessarily a dependent subset of S, therefore 
no proper subset of C, is an element of A. Hence C, E B. Conversely, 
suppose XE B. Then X is dependent, but no proper subset of X is a 
circuit of M. Thus Xis a circuit. We have shown that B is the collection of 
circuits of M, and M is uniquely determined by B, which is itself deter- 
mined by A. 
Proof of Theorem. Let M be a matroid on the n-element set S, and let 
F,,I ,..., 5,; be the distinct elements of Ki as defined in Lemma 2. Suppose 
Fi,j = c,,~ for 1 < j < ri , where C,,$ is a circuit of M and / C,,$ 1 = i + 1. 
Then for j # k we have I Cj n Ck 1 < i, since otherwise C,,$ and Cl, 
have an independent set of cardinality i in common and their closures are 
therefore equal. Hence, since each Cj has (i + 1) i-element subsets we 
must have 
that is, 
By Lemma 2, the number of different matroids on S is at most equal to 
the number of families T = (Ti: 0 d i < n - l), where each Ti is a set 
of subsets of S with 
I Ti I < qi = (‘:: = ;)/(n + 1) < 2+-l. 
The number of ways of choosing Ti is 
(since kil G 2”-1) 
Thus the number of different families T is at most 
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We split this product into two parts according as pi = P/[gi] 2 n4: 
For the other part of the product we use Lemma 1: 
Thus the upper bound is 
and clearly we can ensure that this is less than 
for all IZ > 1 by suitably choosing k. 
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